We propose an ansatz for the equations of motion of the noncommutative model of a tachyonic scalar field interacting with a gauge field, which allows one to find time-dependent solutions describing decaying solitons. These correspond to the collapse of lower dimensional branes obtained through tachyon condensation of unstable brane systems in string theory.
Noncommutative field theory was shown to arise as the effective theory for the massless modes in string theory in the limit of a large B-field (see [1] ). The solitonic solutions found in noncommutative field theory in various limits (see [2, 3] and later works) are believed to correspond to condensed branes, arising from unstable brane-antibrane configurations [4] . In operator language, these solutions are given by finite rank projectors, whose WeylMoyal forms are localised functions.
Althought dynamical solutions involving noncommutative solitons were found [5] (see also [6] ) the dynamical aspects of the collapse process have still to be clarified. The aim of this note is to improve somehow the situation. We study the dynamics of rolling-down solutions in the model of a noncommutative tachyon field Φ interacting with a gauge field A µ . These solutions correspond to unstable noncommutative branes. They describe the classical decay of noncommutative solitons, in an infinite time interval.
The model is given by a (2 + 1)-dimensional action which, in operator form, reads
where i = 1, 2. The scalar field Φ and the gauge field X µ are time-dependent operators acting on the Hilbert space H on which the algebra
is represented. X µ is related to the conventional gauge field A µ by X µ = p µ + A µ , where
The equations of motion for the field Φ arë
We consider the case in which the potential Φ is tachyonic-like, i.e. it has a local maximum at the origin and local minima at Φ = λ i . The model admits static solutions (solitons),
where the operators P i , P i P j = 0 for i = j, are projectors to finite dimensional orthogonal subspaces of the Hilbert space H. In Weyl-Moyal language, these solutions have asymptotics Φ| x→∞ = λ n . To show that the solution (4) is unstable, consider the following timedependent ansatz. The gauge invariance of the model allows one to choose the operator Φ to be diagonal. This partially fixes the gauge. In the oscillator basis {|n } given by
the field Φ is described by an infinite set of one dimensional variables Φ n (t) = n| Φ(t) |n , n = 0, 1, 2, . . . In this basis, the above mentioned static soliton looks as follows:
In what follows, we will allow dynamics for this finite number of Φ n 's. In this case, the second equation in the ansatz (4) is still valid for static X µ .
As a result, the field operator equations of motion split into a set of decoupled equationsΦ
with initial conditions for Φ n at t = 0 given by (6), supplemented witḣ Φ n (t = 0) = 0 for all n. These equations can be trivially integrated (see any textbook on classical mechanics), and the implicit form of the solution is
and Φ n = λ, for n > n 0 . If one integrates between a local maximum (Φ = 0) and an adjacent minimum (Φ = λ) of the potential, the above integral gives the time of fall, which diverges logarithmically as Φ approaches the origin. Thus classically the soliton will decay into an infinite amount of time. This is the standard situation for unstable equilibrium points in classical mechanics. However, quantum fluctuations will kick the soliton out of the origin in a finite time.
In particular, if one limits oneself to the lowest terms of the tachyonic potential,
which satisfies Φ(t = −∞) = 0 and Φ(t = 0) = m √ g = λ for n ≤ n 0 . In operator form this solution looks like
where P n 0 is the projector operator to the first n 0 +1 states P n 0 = n 0 n=0 |n n|. We also note the existence of Euclidean-time (instantonic) solutions of the equations of motion, which interpolate between two degenerate vacua:
In the real time approach they correspond to tunneling between the vacua. Let us conclude with the following:
• In string theory framework, noncommutative solitons correspond to the D(p-2)-brane which results from condensation of unstable D(p)-brane systems. As our analysis shows, the D(p-2)-brane appears to be unstable, decaying into nothing.
• In their classical rolling down, solitons will be reflected back and reach their initial values (in infinite time). It would be interesting to consider the energy loss produced by radiation emission during the motion. In this case, the field will not reach its initial value, but will oscillate, with decreasing amplitude, around the vacuum. Then noncommutative solitons could have cosmological applications, playing the role of the inflaton field. Unfortunately, it can be seen that, in spite of large accelerations, collapsing solitons do not radiate gauge photons. This is not necessarily true for the decay of complex solitons.
• For a general noncommutative potential the solitons are unstable iff there are states in the Hilbert space for which the noncommutative field Φ takes values corresponding to unstable points of the potential (as a commutative function). In the case of solitons living at local minima, they are unstable due to tunneling to the global minimum.
